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Abstract. The measure-multiplicity-invariant for masas in IIi factors was intro- 
duced in |10| to distinguish masas that have the same Pukdnszky invariant. In 
this paper we study the measure class in the measure-multiplicity-invariant. This is 
equivalent to studying the standard Hilbert space as an associated bimodule. We 
characterize the type of any masa depending on the left-right-measure using Baire 
category methods (selection principle of Jankov and von Neumann). We present a 
second proof of Chifan's result [5] and a measure theoretic proof of the equivalence 
of weak asymptotic homomorphism property ( WAHP) and singularity that appeared 
in [35]. 



1. Introduction 

This is the first of a series of two papers developed by the author for his Phd the- 
sis. The moral of this paper is : "T/ie phenomena regularity, semiregularity, singular- 
ity, weak asymptotic homomorphism property ( WAHP) and asymptotic homomorphism 
property (AHP) of masas in finite von Neumann algebras can all be explained by mea- 
sure theory" . Throughout the entire paper Ai will always denote a separable IIi factor. 
Let A G Ai he a maximal abelian self-adjoint subalgebra henceforth abbreviated as a 
masa. It is a theorem of von Neumann that A is isomorphic to L°°([0, 1], dx). So the 
study of masas in type IIi factors is understanding its position (up to automorphisms) 
of the ambient von Neumann algebra. For a masa A G Ai, Dixmier in [5] defined the 
group of normalizing unitaries (or normaliser) of A to be the set 

N{A) = {uG U{M) : uAu* = A} , 

where U[M.) denotes the unitary group of 7W. He called 
[i) A to be regular (also Cartan) if N{A)" = M, 
(a) A to be semiregular if N{A)" is a subfactor of At, 
{in) A to be singular if N{A) G A. 

He also exhibited the presence of all three kinds of masas in the hyperfinite Hi factor. 

Two masas A, B oi Ai are said to be conjugate if there is an automorphism 6* of 
such that 9{A) = B. If there is an unitary u G Ai such that uAu* = B then A and B 
are called unitarily {inner) conjugate. 

Feldman and Moore in [TT], [12] characterized pairs A G Ai, where A is a Cartan 
subalgebra, as those coming from r-discrete transitive measured groupoids with a fi- 
nite measure space X as base. It is a remarkable achievement of Connes, Feldman and 
Weiss [3] that any countable amenable measured equivalence relation is generated by 
a single transformation of the underlying space. When translated into the language of 
operator algebras via the Feldman-Moore construction, this theorem together with a 
theorem of Krieger [T7] says that, if At is any injective von Neumann algebra then any 
two Cartan subalgebras are conjugate by an automorphism of At. However it follows 
from their theorem that, there are uncountably many equivalence classes of Cartan 
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masas up to unitary conjugacy in the hyperfinite IIi factor. See [23] for more exam- 
ples. There exist IIi factors with non conjugate Cartan masas (see [1]). These masas 
were distinguished with the presence or absence of nontrivial centrahzing sequences. 
Recently Ozawa and Popa have exhibited examples of IIi factors with no or at most 
one Cartan masa up to unitary conjugacy (see [22]). 

The absence of Cartan masas in IIi factors was first due to Voiculescu in [36]. In 
fact, it was his amazing discovery that, for any diffuse abelian algebra A C L(F„), the 
standard Hilbert space /^(F„) as a A, A-bimodule contains a copy of L'^{A) ® L^{A). 
His result was improved by Dykema in [9] to rule out the presence of masas in free 
group factors with finite multiplicity. 

Getting back to singular masas, in 1960 Pukanszky showed in [28] that there are 
countable non conjugate singular masas in the hyperfinite IIi factor by introducing an 
algebraic invariant for masas in IIi factors, today known as the Pukanszky invariant. 

In 1983 Popa [21] succeeded in showing that all separable continuous semifinite von 
Neumann algebras and all separable factors of type IIIa, < A < 1 have singular 
masas. Although they exist, citing explicit examples is a very hard job. In this di- 
rection. Smith and Sinclair in [33] have given concrete examples of uncountably many 
non conjugate singular masas in the hyperfinite IIi factor. White and Sinclair [32] 
have given explicit examples of a continuous path of non conjugate singular masas 
(Tauer masas) in the hyperfinite IIi factor. All the masas in this path have the same 
algebraic invariant of Pukanszky. Subsequently, White in [37] proved that, any possi- 
ble value of the Pukanszky invariant can be realized in the hyperfinite IIi factor, and 
any McDuff factor which contains a masa of Pukanszky invariant {1} contains masas 
of any arbitrary Pukanszky invariant. 

Singularity is often quite hard to check (see [29]). In order to check if a masa 
is singular analytical properties ^^AHP" and ^^WAHP" were discovered in [30], |31j . 
Subsequently Smith, Sinclair, White and Wiggins in [35] characterized pairs A <Z M., 
where A is a singular masa in a IIi factor Ai to be precisely those for which A satis- 
fies " WAHP" . All the theories that we have outlined have a common theme namely, 
^^What is the structure of the standard Hilbert space as a w* A, A-himodule. 

Although many invariants of masas in IIi are known the first successful attempt to 
distinguish masas with a natural invariant, which have the same Pukanszky invariant 
was due to Dykema, Smith and Sinclair in [10]. We call this the measure-multiplicity- 
invariant. This invariant has two main components, a measure class and a multiplicity 
function. This invariant is not a new one and has existed in the literature for quite 
some time. For Cartan masas this invariant has very deep meaning and it is very 
hard to distinguish Cartan masas with this invariant. The term multiplicity in the 
measure-multiplicity-invariant is actually the Pukanszky invariant of the masa, mak- 
ing it a stronger invariant. A slightly different invariant was considered by Neshveyev 
and St0rmer in |19j . 

Our intention is to study singular masas and distinguish them. In order to do so, 
it is necessary to think of singularity from a different point of view. The theory of 
Cartan masas and singular masas have so far been viewed from two different angles. 
While Cartan masas fit to the theory of orbit equivalence on one hand [12], singular 
masas fit to the intertwining techniques of Popa on the other [35] . But we would like 
to have an unique approach that explains all these phenomena. This is the primary 
goal of this paper. In this paper, we characterize masas by studying the structure of 
the standard Hilbert space as its associated bimodule. 

Our second goal is to investigate that, after such a theory is outlined whether it is 
possible to obtain proofs of important theorems regarding masas that were obtained 
by a number of researchers by using different ideas. Many old theorems can indeed be 
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proved but we will mainly prove Chifan's result on tensor products |2] and the equiv- 
alence of WAHP and singularity [35]. In fact, it seems that studying the bimodule is 
the most natural way to approach these problems as one can exploit a lot of results 
from Real Analysis. 

In order to distinguish singular masas which have the same multiplicity understand- 
ing the measure in the measure-multiplicity-invariant is the most important task. So 
we study this invariant thoroughly throughout this article. The second paper will con- 
tain explicit calculations of the invariant and questions related to conjugacy of masas. 

We have learned latter that Popa and Shylakhtenko in [2B] has results of similar 
flavor in this direction. However our way of approaching is completely different. We 
think that what is really involved in understanding the types of masas are the mea- 
surable selection principle of Jankov and von Neumann and some generalized version 
of Dye's theorem on groupoid normalisers. This is evident from [3], [11] and [T2] . 
We present completely measure theoretic proofs based upon Baire category methods 
(selection principle) . As an outcome of our approach many theorems related to struc- 
ture theory of masas that were proved by different techniques just follows easily from 
our technique. 

Singular masas are often constructed by considering weakly or strongly mixing ac- 
tions of infinite abelian groups on finite von Neumann algebras. We will show that 
the definition of WAHP can be strengthened by considering Haar unitaries and Cesaro 
sums which exactly resembles the definition of weakly mixing actions. Weakly mixing 
actions are characterized by null sets of certain measures. The story for singular masas 
is also similar. 

This paper is heavily measure theoretic. Much of the measure theory tools we require 
are scattered here and there in the literature. This article is organized as follows. In 
Sec. 2 we present some preliminaries of direct integrals, masas and define the measure- 
multiplicity-invariant. In Sec. 3 we study disintegration of measures and masas. Sec. 
4 deals with generalized versions of Dye's theorem. Sec. 5 contains the main result i.e 
the characterization theorem and a second proof of Chifan's normaliser formula. This 
is a very technical section. Sec. 6 contains results on calculating certain two-norms 
and a second proof of the equivalence of WAHP and singularity. Sec. 4 uses the theory 
of and spaces associated to finite von Neumann algebras for which we have cited 
related results in that section without proofs. Appendix A contains structure theo- 
rems of measurable functions satisfying condition (A^) of Lusin which is used in Sec. 5. 

Acknowledgements: I thank Ken Dykema, my advisor, for many helpful discus- 
sions. I also thank Roger Smith and David Kerr for providing me with many helpful 
ideas. I am grateful to Roger Smith and Allan Sinclair for making their book, "Finite 
von Neumann Algebras and Masas" available to me for my reference, much before it 
reached the bookstore. I would also like to thank Stuart White for helpful conversa- 
tions and for suggesting some of the results which appear in this paper. 

2. Preliminaries 

The paper relies on the theory of direct integrals. So we have divided this section 
into three subsections. In the first subsection we give some well known results about 
direct integrals of Hilbert spaces with respect to an abelian von Neumann algebra. In 
the second part we give some preliminaries about masas in Hi factors and in the third 
subsection we will define the measure-multiplicity-invariant of masas in Hi factors. 
Notation: Throughout the entire article Noo will denote the set NU {oo}. 

2.1. Direct Integrals. 

Let a separable Hilbert space H be the direct integral of a //-measurable field of 
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Hilbert spaces {Hx}x&x over the base space {X, //) where X is a cr-compact space and 
is a positive, complete Borel measure. 

Definition 2.1. An operator T G B(7Y) is said to be decomposable relative to the 

decomposition Ti. = 7ixd^{x) if there exists a /i-measurable field of operators G 

B(7ix), such that x y-^ ^T^^ G L°°{X,fx) and T = J^Txdfi{x). 

If Tx = c{x)It-i^, where c(x) G C for almost all x, then T is said to be diagonalizahle. 

It is easy to see that the fibres of a decomposable operator are uniquely determined 
up to an almost sure equivalence. The collection of diagonalizable and decomposable 
operators both form von Neumann subalgebras of B(7i), with the later being the 
commutant of the former. Whenever there is no danger of confusion we will use the 
term measurable instead of /i- measurable. 

Theorem 2.2. Let A C B(?i) be a diffuse abelian von Neumann algebra on a separable 
Hilbert space Ti. Then there exists a measure space {X,fi), where X is a a-compact 
space, fi is a positive, Borel, non-atomic, complete measure on X and a measurable 
field of Hilbert spaces {'Hx}xex, such that Ti is unitarily equivalent to, 

(2.1) n= Hxdfiix) 

Jx 

and A is {unitarily equivalent to) the algebra of diagonalizable operators on TCxdfi{x) 
with respect to this decomposition. 

The dimension function of the decomposition in Thm. 12.21 is defined as 

m : X Noo by, m{x) = dim(TCx)- 

The dimension function m is //-measurable. Such results are known in greater gener- 
ality. For a measure space {X, /i) we denote by [fi] the equivalence class of measures 
on X th at ar e mutually absolutely continuous with respect to /i. This decomposition 
in Thm. 12.21 and hence the multiplicity function is unique up to measure equivalence 
from Thm. 3, 4 of Chapter 6 of [B]. 

We will be always working with finite measures. Since direct integrals of Hilbert 
spaces does not change when the measures are scaled, we will most of the time assume 
that the measures have total mass 1. Details of these facts can be found in [15], [20] . 

2.2. Basics on Masas in IIi factors. 

Definition 2.3. Given a type I von Neumann algebra B we shall write Type(S) for 
the set of all those n G Moo such that B has a nonzero component of type In. 

Let be a separable IIi factor with the faithful, normal, tracial state r. This 
trace induces the two-norm ||a;||2 = t{x*xY^'^ on Ai and we write L^(A^) for the 
Hilbert space completion of Ai with respect to this norm. Let Ai act on L^(A^) 
via left multiplication. Let J denote the anti-unitary conjugation operator on L^(A^) 
obtained by extending the densely defined map J{x) = x*. Inclusions of von Neumann 
algebras will always be assumed to be unital until further notice. 

Given a von Neumann subalgebra Af of A4, let be the unique trace preserving 
conditional expectation from Ai onto A/". This conditional expectation is obtained by 
restricting the orthogonal projection e_^^ from L'^{A4) onto L'^{Af) to Ai. 

Let A G Ai he a. masa. Then the augmented algebra A = {AU JAJ)" is an abelian 
algebra, with a type I commutant, the commutant being taken in B(L^(A^)) and the 
center of A' is A. The Jones projection ca onto L'^{A) lies in A [Mj- Hence, A' {I — ca) 
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decomposes as, 

(2.2) ^'(1 - ca) = (Bnm^A'Pn 

where P„ G .4 are orthogonal projections summing up to 1— and A'Pn is homogenous 
algebra of type n whenever ^ 0. 

Lemma 2.4. If A G Ai be a masa and B C M. be any subalgebra, then {A U JBJ)" 
is diffuse. 

Definition 2.5. The Pukdnszky invariant of a masa A in IIi factor Ai, denoted by 
Puk{A) (or Pukj^{A) when the containing factor is ambiguous) is { n G Noo : -Pn 7^ 0} 
which is precisely Type(^'(l — e^)). 

Definition 2.6. If A is an abelian von Neumann subalgebra of TM, let QM{A) or 
^A/'(A, A^) be the normalising groupoid, consisting of those partial isometries v ^ M. 
that satisfy v*v, vv* G A and vAv* = Aw* = vv*A. 

A theorem of Dye says that, a partial isometry v G QJ\f{A) if and only if there 
is an unitary u G N{A) and a projection p E A such that v = up = {upu*)u. Thus 
Qf\f{A)" = N{A)". Popa in [25] connected the Pukdnszky invariant to the type of a 
masa showing that if 1 ^ Puk{A), then A is singular and that the Pukdnszky invariant 
of a Cartan masa is {1}. 

Singularity is difficult to verify. The following two conditions were introduced in 
[31] . [30] and [35] as they imply singularity and are often easier to verify in explicit 
situations. 

Definition 2.7. (Smith, Sinclair) Let A be a masa in a IIi factor Ai. 

(z) A is said to have the asymptotic homomorphism property (AHP) if there exists an 

unitary v E A such that 

lim \\EAixv''y) - EA(x)^;"EA(y)||2 = for all x,y e M. 

|n|— ►oo 

(n) A has the weak asymptotic homomorphism property (WAHP) if, for each e > 
and each finite subset Xi , ■ ■ ■ , x„ G 7W there is an unitary u E A such that 

||Eyi(a;jWa;*) — E^(xj)MEyi(2;*) [[^ < e for 1 < i, j < n. 

In [32] it was shown that singularity is equivalent to WAHP. We will prove in Sec. 6 
that WAHP is indeed the most natural property. The next proposition is well known, 
we state it for completeness. 

Proposition 2.8. Let M C B(7i) be a von Neumann algebra and let Xij G A/" and 
x\ j G A/"' for i,j = 1,2, - ■ ■ ,n. Then the following conditions are equivalent: 
(^) ELi ^i,kx'kj = for all l<i,j <n. 

(ii) There exist elements Zij G Z(A/'), i, j = 1,2, ■ ■ ■ ,n such that for all i,j 

n n 
k=l k=l 

2.3. Measure-Mult iplicity-Invar iant . 

We consider the conjugacy invariant for a masa A in a Hi factor A4 derived from 
writing the direct integral decomposition of its left-right action. More precisely, we 
choose a compact Hausdorff space Y such that C [Y) C A, is a norm separable unital 
C* subalgebra and C{Y) is w.o.t dense in A. r restricted to C{Y) gives rise to a 
probability measure on y so that A is isomorphic to L°°{Y,V), with V a completion 
of u. For simplicity of notation we will use the same symbol u to denote its completion. 
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Now a ® fe (-^ aJb*J, a, b ^ C{Y) extends to an injective *-homomorphism tt of 
C{Y) ® C{Y) in L'^{M). Indeed, as M is a factor so the map, 

n n 

bi aiJb*J 

i=l i=l 

is injective by Prop. 12.81 Hence it induces a norm on C{Y) ®aig C{Y). Since abehan 
C* algebras are nuclear, this norm must be the min norm, and therefore a®b ^ aJb* J 
extends to an injective representation of C{Y) ®C{Y) in L^(A^). Therefore CiY^Y) 
is a w.o.t dense unital subalgebra of A, so that A is isomorphic to L°°(y x 1", r^yxy) 
for a complete, positive, Borel measure ijyxy- By Lemma [2.41 r/yxy is non-atomic. 

Remark 2.9. In general, if we allow to be a finite von Neumann algebra that is not 
a factor then the map ^"^^ Oj ® 6j i— *■ ^"^^ aiJb*J is never injective and the measure 
will be supported on smaller sets. See Rem. 15.171 This is the reason we consider 
factors, although most results of this article goes through even for finite von Neumann 
algebras. 

Thus in view of the uniqueness of direct integrals with respect to an abelian algebra 
(see Thm. 12. 2p . L'^{Ai) admits a direct integral decomposition {Tix^y} over the base 
space {Y x Y, rjYxv) so that A = L°°(y x Y,r]YxY) is the algebra of diagonalizable 
operators with respect to this decomposition. Let my denote the multiplicity function 
of the above decomposition. It is clear from the direct integral decomposition that, 
the Pukdnszky invariant of A is the set of essential values of my (also check Cor. 3.2, 
[19]). We will call [r^yxy] the left-right-measure of A. For reasons that will become 
clear, we will in most situation use the same terminology for the class of the measure 
Vyxy when restricted to the off diagonal. This will be clear from the context and will 
cause no confusion. A related invariant was considered by Neshveyev and St0rmer in 
|19j . which was a complete invariant for the pair (^4, J). 

Although the existence of such a measure is guaranteed we need an algorithm to 
figure out the left-right-measure. In order to do so fix a nonzero vector ^ G L'^{Ai). 
The cyclic projection with range [A^] is in A' and hence decomposable. For /, g 
G C{Y), there exists a complete positive measure /i^ (we complete it if necessary) on 
YxY such that 

(2.3) {fJg*J^,OLHM)= [ f{t)g{s)dt,^{t,s). 

Jyxy 

AP^ is a diffuse abelian algebra in B(Pg(L^(7W))) with a cyclic vector, so is maximal 
abelian. Thanks to von Neumann, we have only one. Therefore, 

(2.4) P^{L^{M))= I Q,,(i/i5(t,s) where Q,, = C. 

JyxY 

Moreover AP^ is the diagonalizable algebra with respect to the decomposition in Eq. 

Two orthogonal cyclic subspaces [^^i] and [Ai2\ with cyclic vectors ^i, ^2 does not 
necessarily keep the fibres of its associated projections P^^ and P^^ orthogonal, neither 
does assert that they are direct integrals over disjoint subsets of y x y. However, 
using the "gluing lemma" (Lemma 5.7, [10]) we single out a measure /U^i,52 so that 
(P^j + P^2)(L^(A1)) has a direct integral decomposition with respect to (Y x Y, 77^1,^2) 
and ^(P^i + P52) is the diagonalizable algebra respecting that decomposition. This is 
the step where one will see the possible updates of the multiplicity function. Since we 
are working on a separable Hilbert space, after at most a countable infinite iterations 
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of this procedure we will finally find a measure yu on y x y so that 

(2.5) L\M) - / KMx) 

Jyxy 

and A is diagonalizable with respect to the decomposition in Eq. 02.51) . Modulo the 
uniqueness of direct integrals we have found the measure. Needless to say, different 
choices of cyclic subspaces will produce same measure modulo the uniqueness. However 
for purpose of explicit computation to distinguish masas one learns, that nice choices 
of cyclic projections (vectors) is perhaps a little too costly. 

For a set X we denote by A(X) the set {{x, y) & X x X : x = y}. The restriction of 
r to C(Y) C A gives rise to a Borel probability measure whose completion is denoted 
by i^Y- 

Lemma 2.10. The measure tjyxy has the following properties: 

(^) [^yxy] "is invariant under the flip map 6 :{s,t) i— >■ [t, s) onY x Y . 

iii) If TX\ and 112 denote the coordinate projections from YxY onto Y then, 

(2.6) [{TTi)*r]YxY] = [i'y] for i = 1,2. 

(Hi) The suh space f^^ys^T-Ct^sdr]YxY{t, s) is identified with L'^ (A) andmyit^t) = 1, rjyy^y 
a.e. on A(y). 

[iv) The topological [closed) support ofrjy^y is Y x Y . 
The multiplicity function my has the property that 

my[s, t) = my[t, s) 

almost all rjyy^y. 

Lemma 12.101 is known so we omit its proof. Interested readers can consult [19] or 
[18] . In fact, it is possible to obtain a choice of rjyy^y such that r^yxy = (^*Vyxy- 

We are now almost ready to give the definition of the measure-multiplicity-invariant 
of a masa in a separable IIi factor. Let A be a masa in Ai. Let Y be any compact 
Hausdorff space such that the unital inclusion of C[Y) in A is w.o.t dense and C[Y) is 
norm separable. To each such Y, we associate a quadruple [Y, uy, [T^yxy], "n^y). Define 
an equivalence relation on the quadruples [Y, uy, [r/yxy], irty) by 
(y, uy, [riyxY],^Y) ^m.m [Y' , T^Y' , [vy'xY'], nfiyi) if and Only if there exists a Borel iso- 
morphism F : y I— s> y such that, 

F^Vy = Vy, 

(2.7) [F X F),[r]yxy] = [r/y^xy] and 

my o [F X F)~^ = myi, rjyi^Y' a-e. 

We also have, [?7yxy] = [v\a{y)] + ['7|A(y)<=]- 

Therefore if [Y,i^y, [riyy.y],my) r^rn.m [y'.i^Y', [riY'xY'],myi) then, 

(2.8) [F X F)4?7|A(y)=] = [r/|A(y')-]' 

m\/^{YY o[F X Fy^ = m|A(y')c, ViAiY'r 

Lemma 2.11. IfC[Yi) C C[Y2) G A G Ai be two w.o.t dense, unital, norm separable 
C* subalgebras of A then [Yi, uy^,[r]y^xy^],myj (y2,i^y2, [r]y^xy^],my^) . 

Proof. The inclusion i : C[Yi) ^ C[Y2) results from a continuous surjection 6 : Y2 ^ 
Yi. Therefore for all / G C[Yi), 

r[f)= [ fduy,= [ l[f)duy,= [ [fo9)duy,= [ fd[e.Vy,). 
JYi JY2 Jy2 JYi 
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Therefore, 9^i'y2 = ^Yi- 

The inclusion i preserves least upper bounds at the level of continuous functions. So i 

extends to a surjective *-homomorphism i between L°°{Yi, uy^) and L°°{Y2, i'y2) which 

is normal (Lemma 10.1.10 |15]). It is easy to see that i is also implemented by 6. That 

i is injective is obvious. So ^ is a Borel isomorphism between the underlying measure 
spaces. 

Arguing similarly it is easy to see that 9 ^ 9 : Y2 ^ Y2 ^ Yi ^ Yi implements an 
isomorphism between L°°(Yi x Yi.rjY^xYi) and L°°{Y2 x I2,??y2xy2)- The statements 
regarding the measure classes now follows easily. 

The statement about the multiplicity function is obvious from the uniqueness of direct 
integrals in Thm. O and the fact (^i x , ?7y^ x n ) = (>2 x ^2 , ?7y2 x ya ) = ^- □ 

Proposition 2.12. Let A d M. he a masa. The collection of quadruples (y, vy, [?7yxy]) 
'^y) foT Y a compact Hausdorff space such that C{Y) G A is unital, norm separable 
and w.o.t dense in A, under the equivalence relation ^m.m has exactly one equivalence 
class. 

Proof. If C(Yi), C{Y2) C A be two w.o.t dense, unital, norm separable subalge- 
bras of A then C*{C{Yi) U C(Y2)) = CiY^) for a compact Hausdorff space Y3, and 
(7(^3) is unital, norm separable and w.o.t dense in A. Therefore by Lemma 12.1 1^ 

(1^3, uys, [Waxyg], "iyj) ~m.m {Yi, ^Y,, ['7y, x yj , "^yj for i =1, 2. □ 

Definition 2.13. Let A C be a masa. We define the measure-multiplicity-invariant 
of A as the equivalence class of the quadruples (Y,uy, [f]\A{Y)<'],'>^\A{YY) under ~m.m 
where, 

(i) y is a compact Hausdorff space such that C(Y) is an unital, norm separable and 
w.o.t dense subalgebra of A. 

{a) uy is the completion of the probability measure obtained from restricting r on 
C{Y). 

{Hi) [?7|A{y)':] is the equivalence class of the measure r]YxY restricted to A{YY, 
{iv) m\/^(jY is the multiphcity function restricted to A(y)'^, 

obtained from the direct integral decomposition of L^(7W) over the base space {Y 
X y, rjYxY) so that A is the algebra of diagonalizable operators with respect to this 
decomposition. 

The measure-multiplicity-invariant is an invariant for masas in the following sense. 
If A G Ai and B G M are masas in Hi factors M-^M respectively, and there is an 
unitary U : L'^{M) ^ L'^{Af) such that, UAU* = B and UJmAJmU* = Jj^BJj^ then 
for any choice of compact Hausdorff spaces Ya, Yb with 

CIYa}''"'' = A and = 5, 1^ G C{Ya), W G C{Yb) and C{Ya),C{Yb) norm 

separable, there exists a Borel isomorphism 

F'ya,Yb '■ (Xa, i'Ya) ^ {^B, t^Yb) such that, 

{^Ya,Yb)*^Ya = ^Yb, 

(2.9) {Fya,Yb X FYA,YB)*[V\MYAr] = [v\A(YBr] and 

m\A(YAr ° (FyaXb X FyaXb)^^ = m\A{YBr, V\A{YBr a-e. 

We will denote the measure-multiplicity-invariant of a masa A by m.m{A) (or m.mj^{A) 
when the containing factor is ambiguous). 
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3. Conditional measures and Masas 

As we will see latter, the measure-multiplicity-invariant contains substantial infor- 
mation of the masa. In order to extract more information we need to establish some 
house keeping results in measure theory. 

Disintegration of measures is a very useful tool in ergodic theory, in the study of 
conditional probabilities and descriptive set theory. Measurable selection principle is 
a term closely linked with disintegration of measures and has been studied by a num- 
ber of mathematicians in the last century. A detailed exposition of the existence of 
disintegration can be found in [1]. 

For the general definition of disintegration of measures we will restrict to the fol- 
lowing set up. Let T be a measurable map from {X, ax) to {Y, where ax, cfy are 
cr-algebras of subsets of X, Y respectively. Let A be a cr-finite measure on ax and /x a 
cr-finite measure on ay- Here A is the measure to be disintegrated and /x is often the 
push forward measure T^\, although other possibilities for ^ is allowed. 

Definition 3.1. We say that A has a disintegration {Xt\teY with respect to T and /i 
or a (T, /i) disintegration if: 

{i) \t is a (T-finite measure on ax concentrated on {T = t} (or T~^{t}), i.e. At({T ^ 
t}) = 0, for /i-almost all t, 

and for each nonnegative measurable function / on X 
(m) 1 1-^ At(/) is measurable. 

(m) X{f)=AMf))'=IyMf)dKt). 

In probability theory the measures At are called the disintegrating measures and ^ 
is the mixing measure. One also writes A(- | T = t) for At(-) on occasion. 

When A and almost all Xt are probability measures one refers to the disintegrating 
measures as (regular) conditional distributions and t i— > At is called the transition 
kernel. 

The reader should be cautious that "measurable" in Defn. 13.11 {ii),{iii) means 
measurable with respect to the cr-algebra of completion of A. 

Theorem 3.2. ^[{Existence Theorem) Let X be a a- finite Radon measure on a metric 
space X and T be a measurable map into (F, cry). Let n be a a-finite measure on ay 
such that T^X <C fi. If ay is countably generated and contains all singleton sets {t}, 
then X has a (T, fi) disintegration. The measures Xt are uniquely determined up to an 
almost sure equivalence: if X^ is another {T,fi) disintegration then fi{{t : Aj 7^ X^}) = 
0. 

The condition T^.A <^ in Thm. 13.21 is actually necessary for the disintegration to 
exist. The original version of Thm. 13.21 is due to von Neumann. 

Proposition 3.3. Let X be a Radon measure on a compact metric space X and T be 
a measurable map into (Y, ay). Let fi be a a-finite measure on ay such that T,,A <^ /i. 
Assume that ay is countably generated and contains all singleton sets. Let t ^ Xt 
denote the {T,fi) disintegration of X. Let Xa denote the set of atoms of {Xt}teY i-G. 

Xa = {xeX \ 3teY : Xt{{x}) > 0} . 

Then Xa is a measurable set, measurable with respect to the a-algebra of the completion 
ofX. 

Proof. There is a measurable set C y with ^{E'^) = such that for t & E, Xt 
is concentrated on the set {T = t}. We can assume without loss of generality that 
E = Y. Now for t &Y, the measure Xt is concentrated on {T = t}, so 

{xeX\ 3teY : Xti{x}) >0} = {xeX\ XtxHx}) > 0} . 
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Let B he a countable base for the topology on X. Then 

{xeX\ Xt,{{x}) > 0} = u~ with 



n 



Pi ({x\u)u Ix eU 



n 



Therefore, {x E X \ 3 t eY : Xt{{x}) > 0} is a measurable set by property [ii) of 
disintegration. □ 

The next few lemmas are undoubtedly known to probablists but we lack the refer- 
ence. So we record them for convenience. We will omit their proofs. For details check 



Lemma 3.4. Let Xi,X2 be two Radon measures on a compact metric space X and 
T be a measurable map into (y, cry). Let fj, be a a-finite measure on cry such that 
T*Ai,T^,A2 <C fx. Assume ay is countably generated and contains all singleton sets 
{t}. Let Xl,Xf be the {T,iJ,) disintegration of Xi,X2 respectively. Let X^ be the {T,fi) 
disintegration of Xi + A2. Then 

X^t=Xl + Xl -12 a.e. 

Lemma 3.5. Let Ai,A2 be two Radon measures on compact metric spaces X,Y and 
T,S be measurable maps from X,Y into [Z^oy), iy^^ow) respectively. Let ii,v be 
a-finite measures on ay, o^w respectively such that T^Xi <C /i, S'^,A2 <S i'. 
Assume ay, aw are countably generated and contains all singleton sets {t}, {s} respec- 
tively. Let Aj,Ag be the (T, /i), (5, z/) disintegration of Xi,X2 respectively. Let X^^ be 
the {T ^ S, fi® 1/) disintegration of Ai ® A2. Then 

= ® -^s -/U® z/ a.e. 

Lemma 3.6. Let Ai, A2 be two Radon measures on a compact metric space X and T be 
a measurable map into {Y, ay). Let be a a-finite measure on ay such that T^Xi ^ 
and T*A2 <^ ^l. Assume ayis countably generated and contains all singleton sets {t}. 
Let Aj, A^ be the (T, /i) disintegrations ofXi.X^ respectively. 

(i) Assume that Ai ^ A2 ^ Ai. Then for almost all t, Aj ^ A^ ^ Aj. Moreover, if 
g = ^ then ^ = gt a.e. /i, where 

o, = l9\{T=t} on {T = t}, 
^ \0 otherwise. 

Conversely if X] ^ A^ ^ A^ for ji almost all t then Ai ^ A2 ^ Ai. 

(ii) If Xi _L A2 then Xj ± Xf for fj, almost all t. 

Lemma 3.7. Let X be a Radon measure on X x X where X is a compact metric 
space. Let n be a a-finite measure on X such that (7rj)^A <^ where Hi, i = 1,2 are 
coordinate projections onto X . 

Assume that X is invariant under the flip of coordinates i.e. O^X ^ A ^ O^^X, where 
9: XxX^XxX by 9{x, y) = [y, x). Let A^, A^ be the (tti, (112, ^l) disintegrations 
of X respectively. Then for ^ almost all t, 

X] < ^.A? < Xl 

In particular, if for fj, almost all t, Xf has an atom at {s,t), then X] has an atom at 
(t, s) almost everywhere. 
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Theorem 3.8. Let A d M. and B d M he masas in separable IIi factors M.^M . 
Let C{Xi) C A, C{X2) C B be w.o.t dense, norm separable, unital subalgebras of 
A, B respectively, where Xi are compact metric spaces for i = 1,2. Let ux^ denote 
the tracial measures with respect to the w.o.t dense subalgebras on Xi respectively for 
i = 1,2. Let [Ai],[A2] denote the left-right-measures of A and B respectively. All 
the mentioned measures are assumed to be complete. Suppose there is an unitary 
U : L'^{M) ^ L2(7V) such that UAU* = B and UJmAJmU* = JjvBJj^. 
Then there exists isomorphism of measure spaces F : Xi X2 such that, F^vx^ = 1^X2 
and the following is true: 

Denoting by X]'^^ , Xj.'^^ the {7^1,1^X1), {'^2,^X1) disintegrations of Xi respectively and 
A^;"^^ , A^;"^^ the {tti,ux2), {7^2,J^X2) disintegrations 0/A2 respectively, one has 
[X];^^] = [{F X F)^X]^%], UX2 almost all t' , 
[Xy^] = [{F X F),Aj^^v], ^X2 alrnost all s', 
where ixi , 112 denotes the projection onto the first and second coordinates respectively. 

If (X, 0") be a measurable space and is a signed measure on X then we denote by 
||//||^^, to be the total variation norm of yU. The next Lemma is used in this paper but 
it will be of significant use for computation in the next paper. 

Lemma 3.9. Let A„, A, Aq be Radon measures on a compact metric space X such that, 
Ao 7^ 0, A„ <^ A for n = 1, 2, ■ ■ ■ , Aq ^ A and A„ Aq in \\-\\^^. Let T be a measurable 
map into {Y, cry). Let ^ he a a-finite measure on ay such that T^,A ^ Assume ayis 
countably generated and contains all singleton sets {t}. Let A", A°, At be the (T,fi) 
disintegrations 0/ A„, Aq, A respectively. 

(z) Then there is a ^ null set E and a subsequence {uk} {uk < Uk+i for all k) such 
that for all t G E", 

sup I Xt" (A) - A°(A) I ^ 05 A; ^ 00. 

AC{T=t},A Borel 

{ii) Moreover, if for almost all t one has A" is completely atomic {or completely 
non-atomic) for all n, then so is X^ almost everywhere. 

The proof is straight forward. We omit the proof. For details check |18] . 

For a masa A C M., fix a compact Hausdorff space X such that C{X) C A is 
an unital, norm separable and w.o.t dense C* subalgebra. For Q G L'^{^A) let kq : 
C{X) ® C{X) h-^ C be the linear functional defined by 

H(^{a®b) = {aCb,C). 
Then induces an unique Radon measure rj(^ on X x X given by 

(3.1) Kf(a(g)6)= / a{t)b{s)dr](;{t,s) 

J XxX 

and WvcWt.v = ll^cll- 

For Cii C2 £ L'^{Ai) let %,(^2 denote the possibly complex measure on X xX obtained 
from the vector functional 

(3.2) (aCi^C2) = [ a{t)bis)dr]^,^^,{t,s), a,b e C{X). 

J XxX 

We will write 77^^^ = t],^. Note that r](; is a positive measure for all ( G L'^{Ai). It is 
easy to see that the following polarization type identity holds: 

(3-3) 4:ri^,,c2 = (%+C2 - %-C2) + ^ (^Ci+<2 " ^Ci-iC2) • 
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Note that the decomposition of %,(^2 Eq. (13. 3p need not 
in general, but 

So 

(3-4) l%,C2l < ^Ci +^C2- 

Lemma 3.10. If CnX ^ &e such that, C„ ^ C m || 

^Cu ^^c Ht.v 

Proof. Obvious. □ 

Proposition 3.11. Let A G Ai be a masa. Let X be a compact H aus dor ff space such 
that C{X) (Z A is unital, norm separable and w.o.t dense in A and let v be the tracial 
measure. Let 7^ C ^ L^(A^(y4)"). Then 'r]Q,r](^^ is completely atomic v almost all 
t,s where rjc_ is the measure defined in Eq. (13.11) and rj(^^.,ric_^ are (tti,!^) and (7r2,z/) 
disintegrations of rj,^ respectively. 

Proof. We only prove for the (tti, v) disintegration. If C = m where u G N{A) then the 
result is obvious as the measure rju will be concentrated on the automorphism graph. 
The span of N{A) being s.o.t dense in N{A)" it suffices by Lemma 13.101 and 13.91 to 
prove the statement when Q = Y17=i ^i'^i where Ui G N{A) and Cj G C for 1 < i < n. 
Now for a,b E A 

n n n n 

{a(^CiUi)b, C^dUi)) = ^ \cif {aUib,Ui) + ^ CiCj{aUib,Uj) . 

i=l i=l 1=1 iy/:j=l 

The measures given by a ® & 1— > |q|^ {aUib,Ui), a,b E C{X) are concentrated on the 
automorphism graphs implemented by Ui and henc e definitely disintegrates as atomic 
measures and so does their sum from Lemma 13.41 The measures given hj a (E) b 
CiCj{aUib, Uj), a,b E C{X) for i ^ j are possibly complex measures. However Eq. (13.41) 
forces that these measures are also concentrated on the union of the automorphism 
graphs implemented by Ui and uj. Thus VT,7-iCiUi is concentrated on the union of the 
automorphism graphs implemented by Uj, 1 < i < n. Hence the result follows. □ 



be its Hahn decomposition 
= 4(?7ci +%)• 



1 2 then 



4. Fundamental Set and Generalized Dye's Theorem 

This section is intended to characterize some operators in the normalizing algebra 
of a masa. Throughout this section Af will denote a finite von Neumann algebra gifted 
with a faithful, normal, normalized trace r. B G M will denote a von Neumann 
subalgebra of Af . 

As usual M will be assumed to be acting on L'^{A/, r) by left multipliers. L'^^M , r) 
is a B-B Hilbert ty*-bimodule for any von Neumann subalgebra B C M . We know 
if denotes the unique trace preserving conditional expectation onto B, then is 

given by the Jones projection cb associated to B via the formula 'Kb{x)1 = esixl). 
For bi,b2 E B and ( e L"^ (A/", r) one has 

(4.1) eB{b,Cb2) = heB{C)b2. 

We will interchangeably use the symbols E^ and cb- 
Definition 4.1. For a subalgebra B G M define the fundamental set of B to be 

Nf{B) = [xeU : Bx = xB}. 

Note that x e {B) implies x* G iV^(5). 
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Definition 4.2. For a subalgebra B d M define the weak-fundamental set of B to be 

Nl{B) = {CeL\U,T):B(: = CB}. 

Note tliat C G nI{B) implies C* G ^[{B) and Nf{B) C nI{B). Wlien S is a masa, 
C G A^2^(5) implies aC, G A^2^(S) for all a G S. 

To understand the normaliser of a masa the set nI{B) will naturally arise into the 
scene. However working with vectors in L'^{M,r) is always a technical issue. Polar 
decomposition of vectors and the theory of L} spaces are the tools we need, for which 
we will give a short exposition. For details check Appendix B of [31] and [IB]. To keep 
it short we will omit most proofs. It is here, where one usually encounters unbounded 
operators. For results proved in this section we have borrowed ideas from Roger Smith. 

The positive cone L^(A/', r)^ in L^(A/', r) is defined to be A/""*"" i.e. the closure of 
the positive elements of M in L'^{N', r). It can be shown that L?'{N' , r) is the algebraic 
span of L'^{M 1 r)"*". For x G A/" the equation ||a;||-^ = t(|x|) defines a norm on A/". The 
completion oi M with respect to is denoted by L^{M^t). It can be shown that 

(4.2) 11x11, = sup{|r(2:?/)| : y G AT, \\y\\ < 1}. 

So \t{x)\ < Thus by density of M in L^(A/', r), r extends to a bounded linear 

functional on L^{JV,t) which will also be denoted by r. One can analogously define 
the positive cone of L}{M,t) which we denote by L}{M,t)^. Clearly ||x||, = 
Consequently, the Tomita operator J extends to a surjective anti-linear isometry to 

(A/", r) which will also be denoted by J. Moreover = 1 . We will interchangeably 
use the notations JC, and Q* for C, G L^{Af, r). 

Both the spaces L^{Af,T) and LP'^M^t) are unitary M-M bimodules. The space 
L^(A/', r) can be identified with the predual of M and L'^{Af,T) is dense in L^(A/', r). 
One also has t{x() = t{Cx) for x G A/" and ( G L^{J^, r). Note that is a contraction 
from M onto B. It can be shown that for x G A/", 

(4.3) \\¥.b{x)\\,<\\x\\,. 

Thus Eg has an unique bounded extension to a contraction from L^{N',t) onto 
L^{B, r), which will as well be denoted by E^. This extension preserves the extension 
of the trace r, is B modular, positive and faithful. The bilinear map : Af x Af Af 
defined by \i/(x, y) = xy satisfies 

(4.4) ||^(x,?/)||, < ||x||2||?/||2 

by Cauchy-Schwarz inequality. Therefore \i/ lifts to a jointly continuous map from 
L'^{N',t) X L^(A/', r) into L^(A/', r). The extension is actually a surjection. Since is 
the product map of operators at the level of von Neumann algebra one calls "^{Ci, C2) 
to be C1C2, forCi,C2GL2(Ar,r). 

Lemma 4.3. {B.5.1, [33]) Let a,b & N" be positives. Then 
(4.5) 

Elements of L^{J\f,T) and L^(A/', r) can be regarded as unbounded operators on 
L'^{J\f,T). By using the unbounded operator theory for operators affiliated to M, for 
each ( G L^{J^, t)+ there exists an unique < Co G LF'^N' , r) such that Co Co = Co = C- 
In this case, Co is said to be the square root of C and one writes Co = VC = C^- 
For C G L'^{J\f,T) one has C*C G V-{N',t). From Eq. [Ol and Lemma |33] it follows 
that C*C G L^(A/',r)+. In particular, a/C*C G L'^{N',t) for any C G L'^{N',t) and the 
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square root of any positive in L}{N,t) is an unique element of L^(A/', r). One also 
writes |C| = \/C*C for C G L'^{M,t). If C e L^{M,t) be self adjoint i.e. C = C* then 
C = C+ ~ C- where C,± G L^{J^, t)+ and this decomposition is unique by requiring that 

Let C G L^(A/', r). Consider the projections p,q in B(L^(A/', r)) whose ranges are 

JAfJ\^C*C, JNJQ respectively. Since the ranges of p, q are invariant subspaces of 
JMJ = M' so g lies in M . Using unbounded operators one obtains polar decompo- 
sition of vectors (Eq. (14. 7p ) which we formalize below. 

Theorem 4.4. There is an unique partial isometry v & M with initial projection p 
and final projection q which satisfy the following condition: 

(4.6) vJx*Jy/C*C = Jx*JC, xeU. 
In particular, 

(4.7) v^C = C. 

{i) Let B C Af be a masa, then ( G L'^{B, r) imply p,q E B. 
(it) For C e L'^iAf, t) ifCC e Af then (eM. 

For C G L'^{Af, t) we define the left and right kernel of C to be respectively Keri{Q = 
{x G A/" : = 0} and Kerr{C) = {x E J\f : x( = 0}. Then Keri{-), Kerr{-) are 
subspaces of Af. Keri{-), Kerjf-) are w.o.t and s.o.t closed. 

If G L^{J\f,T) then the left and the right kernels of ( can be defined analogously. 
We will denote the kernels of the vectors by Keri{-), Kerr{-) as well. This is slight 
abuse of notation. In this case, they are norm closed subspaces of Af. 

For C, G L'^{Af, r) we have 

(4.8) KeriiC) = Keri{y^) = Ken(C*C)- 

However the righthand side is defined in sense. Therefore for ( G L'^{Af,T), 
Keri{C*C,) (respectively Kerr{C,C,*)) are in fact w.o.t closed. Similar statements hold 
for Ker^{-) as well. 

For Q G L?'{Af , r) we define the left and right ranges of C to be respectively Rani{Q = 
{Cx : X G Af} and RaUriQ = {xC : x G Af}. 
Note that for ( G L'^{Af, r), 

(4.9) {x e Af : (x = 0} = {x e ^ : {(x, y) = for all ?/ G TV} 

= {xeAf: {x, Cy) = for all y e Af} 

implies Keri{() = Rani{(*)^. 

Proposition 4.5. Let ( G L^(A/', r) and let C = t'-\/C*C ^^-^ ]50^cir decomposition. 
Then v*v is the projection from L'^{Af, r) onto A'er;(C)-'- anc? vv* is the projection onto 
Rani{Q. 

Proposition 4.6. Let ( G L'^{Af, r) and /ei = |(^| be its polar decomposition. Then 

|C|2^ — i> as k oo in \\-\\2. 

The proof of Prop. 14.61 is a direct application of monotone convergence theorem. 

Lemma 4.7. Let A G Af be a masa. Let ( G L^{Af,T) be a nonzero vector such that 
a( = (a for all a e A. Then ( e L^ {A, r) . 

Proof. First assume C ^ 0- Then use uniqueness of square roots of L^ vectors. In, the 
general case write C as a linear combination of four positives. We omit the details. □ 
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Proposition 4.8. Let A C M be a masa. Let ^ ( E L^{J\f,T)^ be such that 
AC = CA. Then C e L'^{A,t)^. 

Proof. Let I = {a E A : = 0}. Then X is a weakly closed ideal (see Eq. (14.81) and 
related discussion) in A and so has the form ^4(1 —p) for some projection p E A. Then 
pC = (, so ( = (p by operating with extended Tomita's involution operator. Thus 
ApC = ACp = CAp. 

For ai,a2 E A ii (aip = Ca2P then ({ai — a2)p = 0, so p{al — a2)C = 0. Hence 
p{al — Og) E X, but 1 — p is the identity for X. So p{al — a^) = and hence aip = a2p. 
This means there is a well defined map i/j : Ap i— ^ Ap such that 

(^pC = Ci^i'^P) for a E A. 
Taking conditional expectation (see Eq. (14. 3 p and related discussion) one gets {ap — 
ip{ap))KA{C) = (the left and the right action by elements of A coincides on L^{A, r)). 
Suppose there is an operator a E A such that ap — ip{ap) ^ 0. Write ap — tpiap) = bp 
for b E A. Then pb*bpEA{C) = 0, so KA{pb*bpQ = 0. Let ( = lim x„ in ||-||-,^ where 

n 

Xn E . Therefore 

1 1 

lim T{xn{bp)*bpxn) = lim T{pb*bpXn) = lim r(E^(p6*6px„)) = 0. 

n n n 

1 

The last statement follows from Eq. (14. 2 p and Eq. (14.30 . So lim bpxn = in ||-|L 

n 

and hence bp(^ = lim bpXn = 0, in ||-||^ by Lemma [4.31 and Eq. (14.41) . Thus bp E T so 

n 

bp = bp{l — p) = 0, a. contradiction. Thus ip{ap) = ap for all a E A. 

Now C E L^{pjVp, t) and Ap is a masa in pf/p, thus C E L^{Ap, r) as ap( = (ifj{ap) = 

C^ap for all a G A, from Lemma 14.71 □ 

Theorem 4.9. [Generalized Dye's theorem-L'^ form) Let A (Z M be a masa. Then 
C E nI{A) if and only if C = '^^ for some ^ E L'^{A, r) and v E QAf{A). In particular, 
spanNf{A)"' = L\N{A)\t). 

Proof. Case 1: Assume C e nI{A) and C > i.e. C e AF"'"^ Then C G L'^{M,t)+ 
as well. From Prop. SSI we get C e L^{A, r) n L'^{U, r) = L'^{A, r). 
Case 2: Let C e nI{A). We may without loss of generality assume that \\Q\\2 = 1- 
Then as AC, = (A we also have AC* = C*^- So AC*C = C*M = C*C^- From Prop. 14181 

CC^L\A,t) 
and similarly we have CC* ^ Then ||C*Clli < 1- 

Arguing as in Prop. 14.81 there are projections pi,p2 E A such that Ji = {a E A : aC = 
0} = ^4(1 — pi) and J2 = {a E A : Co, = 0} = A{1 — P2). Therefore we have piC = C 
and CP2 = C- 

Then there is a well defined map (as explained before) "0 : Api 1— > Ap2 such that 

opiC = Ci^iopi) for all a E A. 

Let C = V\/C*C be the polar decomposition of C from Thm. 14.41 Then w is a partial 
isometry in M and the initial space of v is 

{\/C*C^ : X E A/"} " and the final space is {Cx : x E 7V}~"'"2. Moreover the projec- 
tions v*v and vv* are in A. 

Indeed, by Prop. 14.51 v*v is the projection onto Keri{C)'^ and vv* onto Rani{C)- By 
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Prop. 14.61 v*v e A. Replacing ( by C* and using Keri{()^ = Rani{(*) (see Eq. (14. 9p ). 
a similar argument will yield vv* G A. Clearly v*v = p2 and vv* = pi. Then 



which contains \/C*C- 

Since the left and right action of A on L'^{A, r) agree, so G Jg " and a G A implies 
that ^o^^i 0,^0 £ -^0 " 

Since the w.o.t closed ideal Jq in A is just a cutdown of A by a projection from A any 

positive Co G Jq " is a limit in ||-||2 of an increasing sequence of positive operators 

from Jq. Now it follows that |C|^ ^ <^ " for all A; G N. Therefore by Prop. 14.61 it 

follows that v*v = p2 & Jq " and hence P2 ^ Jq ^ A. Similarly arguing with QQ* one 
shows pi G A. Therefore 

apivp2 = vp2ip{api) for all a G A. 



The study of Cartan masas in IIi factors has received special attention by many 
experts. Our approach of studying measure-multiplicity-invariant was also considered 
implicitly by Popa and Shlyakhtenko in [27] . In this section we will use an alternative 
approach to characterize masas by their left-right-measure. As it turns out, many 
known theorems related to structure and normalisers of masas that were solved using 
different techniques can be solved by a single technique. 

Let A = L°°{X,ux), B = L°°{Y,uy) be two diffuse commutative von Neumann 
algebras, where z/xj/^y are probability measures. Let C{A,B) denote the set of all 
v4, i?-bimodules. This set C{A,B) contains three distinguished subsets. 

We will use the variable s to denote the first variable and t to denote the second 
variable. Following [27] we define: 

Definition 5.1. A discrete (respectively, diffuse, mixed) A, S-bimodule is a Hilbert 
space H so that Ti. = ©L^(X x Y, fii) where for all i, fii disintegrates as Hi{s,t) = 



(s)z/y(t) with /if atomic (respectively non-atomic, a combination of both nonzero 
atomic part and nonzero non- atomic part) for uy almost all t. 

It is to be noted that in view of Lemma 13.61 the definition above only cares about 
the equivalence class of the measures Hi and not a particular member of the class. The 
definition forces /Xj to be a non-atomic measure, and the existence of such a disintegra- 
tion actually forces the push forward of /i^'s on the space Y to be dominated by z/y. We 
will restrict ourselves to the case I is countable. Let Cd{A, B),Cn.a{A, B),Cm{A, B) 
denote the set of all discrete, diffuse, mixed A, S-bimodules respectively. 



Denote by Cd{A) C CdiA, A) C C{A, A) the set of those bimodules H G Cd{A, A) 




Then 

v*av = {vp2)*avp2 = v*apiv = v*vp2ip{api) = ip{api). 
Therefore v* and hence v are groupoid normalisers. So 

c = < 

for V G gM{A) and ^ = |C| e L^{A, r)+. 



□ 



5. Characterization by Baire Category Methods 
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for which Ti G Cd{A, A). Here Ti is the opposite Hilbert space of Ti with left and right 
actions interchanged. Bimodules in Cd{A) are precisely those for which the associated 
measures /Uj's in Defn. 15.11 also have a completely atomic vx disintegration. Similarly 
define C„.a(A), Cm{A). Note that the spaces Cd{A), Cn.a{.A), Cm{A) are all closed with 
respect to taking sub bimodules. 

When A, B are masas in a IIi factor M. the standard Hilbert space LP'{M.) is natu- 
rally a t/;*-continuous ^4, B bimodule, meaning it carries a pair of mutually commuting 
normal representations of A and B. 

Note that when we deal with the left-right-measure of a masa, knowing the disinte- 
gration along the second variable enables us to know the disintegration along the first 
variable as well, by pushing forward the former with the flip map (see Lemma [3. 7p . 

Before we proceed to the characterization of masas we will have to make few defini- 
tions and statements that are very valuable tools yet not appear in standard measure 
theory courses. For details see [11], pT] . 

Definition 5.2. Let X be a Polish space. A subset of X is said to have Baire 
property if there is an open set O G X and a comeager set A C X such that An O = 
AnB. 

The collection of sets with Baire property forms a cr-algebra which includes the Borel 
a- algebra. 

Definition 5.3. Let X and Y be Polish spaces. A function f : X is said to be 
Baire measurable if the inverse image of any open set has Baire property. The function 
/ is said to be universally Baire measurable if given any Borel function g into X the 
function f o g is Baire measurable. 

Note that in particular every Borel function is Baire measurable. 

Definition 5.4. A subset E of a. Polish space is said to be universally measurable if 
it is measurable with respect to any complete Borel probability measure. 

Definition 5.5. A subset E of a Polish space X is said to be Il\ or analytic, if there 

is a Polish space Y, a Borel subset BofY and a Borel function f -.Y X such that 
f{B) = E. In other words, T\ sets are Borel images of Borel sets. 

Remark 5.6. The above definition of analytic sets is as per [H]. However in, [T5] 
continuous images rather than Borel images are used. The two definitions are in fact 
equivalent. 

A very nontrivial theorem of Lusin says the following. 
Theorem 5.7. [Lusin] Every T\ set has Baire property. Every Sj; set is universally 
measurable. 

For a function / : y i— > X, the graph of / will be denoted by r(/) = {{f{y),y) '■ 
y G Y}. The next theorem is very crucial in all our analysis. 

Theorem 5.8. {Selection Principle - Jankov, von Neumann) Let X, Y be Polish spaces 
and let E C X xY be in S}. Then E can be uniformized by a function that is both 

Baire and universally measurable, in the sense that for some h : Y ^ X we have 

r(/iKy(i^)) c E 

with the property that h~^{U) has the Baire property and is measurable with respect to 
any Borel probability measure for all open [/ C X. 

Remark 5.9. Let vx and vy be any two Borel probability measures on X,Y respec- 
tively. Let (Tjy_y and cr^y be the a-algebras associated to the measures ux, i^y respec- 
tively. If h is the function in Thm. 15.81 then the inverse image of any Borel set in X 
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under h will lie in cxjyy , because the collection of subsets of X whose inverse images fall 
in is a cr-algebra and contains all open sets. If in addition, h satisfies the property 
that iyx{h{F)) = if and only if z^y(F) = 0, then h is (cTuy^^i^x) measurable. 

Let A G A4 he a masa. Without loss of generality we assume that A = L°°([0, 1], A) 
where A is the Lebesgue measure on [0, 1]. Let [r7[o,i]x[o,i]] denote the left-right-measure 
of A. We are including the diagonal. Fix any member ?7[o,i]x[o,i] from the equivalence 
class. Since our base space is now fixed we will rename ?7[o,i]x[o,i] by rj to reduce the 
notation. We assume that 77 is a finite measure. 

Consider the set Sa = ([0, 1] x [0, !])„ as defined in Prop. 13.31 with respect to the 
disintegration along the y-axis i.e. the t variable. Then by Prop. 13.31 Sa is a [77]- 
measurable set, i.e. measurable with respect to the completion cr-algebra associated 
to T}. Define measures 

Va = '7|{Sa\A([0,l])) and TJ^.a = ?7|(5g\A([0,l]))- 

Then 

(i) ^|A{[0,1])'= = Va + Vn.a, Va -L Vn.a- 

(ii) Both r]a, r}n.a have disintegrations along the x, y axes with respect to A. 

Note that the disintegration of the measure r]a along the x and y-axes must have 
at most countably many atoms almost all fibres (see Lemma [3.7p . otherwise 77 is an 
infinite measure. Since changing the measure r}a or 77 on a set of measure does not 
change the measure class of rja or 77, we can as well assume without loss of generality 
that, the disintegration of the measure r}a along y-axis (second variable) has at most 
countable number of atoms for all fibre s. With this as set up we formalize the main 
theorem of this manuscript. Thm. 15.101 will be proved latter in this section. 

Theorem 5.10. {Classification of Types) A masa A (Z M. is 

{i)Cartan if and only if r]n.a = equivalently L'^[A)^ E Cd{A), 

{ii)singular if and only if r]a = equivalently L^(A)"'" G C„.a(A), 

(Hi) A ^ N{A)" A4 if and only if rja 7^ 0,r]n.a 7^ equivalently 

L\A)^ e Cm{A). 
{iv)A IS semiregular if and only if the closed support of r]a 

IS [0,1] X [0,1]. 

Remark 5.11. First of all, in view of Lemma [33] and [321 the characterization does not 
depend on any particular member of the left-right-measure. 

Secondly, L^{A) is always included in Cd{A), the disintegration having one atom at 
each point of the diagonal. That is the reason one excludes L'^{A) from statements in 
Thm. ISTTOl 

Finally, from our discussion on direct integrals in Sec. 2, it follows that L'^{A)^ is the 
direct integral over [0, 1] x [0, 1] with respect to the measure r]\{A[o,i])'', the measurable 
field of Hilbert spaces depending on mp^i] or the Pukdnszky invariant. So the equivalent 
statements regarding the type of bimodules and measure in Thm. 15.101 are obvious 
statements. 

The next technical lemma is the key to characterization of masas. There are several 
measures involved in its statement and proof. Since there is danger of confusion with 
measurability of objects involved we will always use phrases like "/i-measurable" . 

Lemma 5.12. Let rja 7^ 0. Let Y C (A[0, 1])^ be a rj-measurable set of strictly positive 
rja-measure. There exists a X-measurable set C [0, 1] with X{E^) > and a function 
/ly : [0, 1] I— s> [0, 1] such that 
(i) hy is X-measurable, 
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(ii) r(/iy) is a rj-measurable set, 

{in) r7(r(/iy)) > and (^y(t), eYnSa forte , 

(iv) for E C [0, 1], \{E) = if and only if X{hY{E)) = 0. 

Proof. We have 

r]{Sa n y) = VaiSa nY)= 7]aiY) > 0. 

Consider the disintegration of r]\Y along the y-axis. There is a set C [0, 1] such that 
A(-F^) > and for each t G -F^ the measure (?7|y)t has atoms with at most countable 
number of atoms and for t ^ F^ the same disintegration has no atoms. This is true 
because rj is a. finite measure, the set F^ being TTy^Sa r\Y), Tiy denoting the projection 
on to the y-axis. The set fl F is ?7-measurable, so Sa r\Y = B U N where i? is a 
Borel set in [0, 1] x [0, 1] and is a r/-null set. The set i? is a continuous image of 
a Polish space by Thm. 14.3.5 of [15] and so is ny{B). By Defn 13. ll X{7ry{N)) = 0. 
So F^ is A-measurable set by Thm. 15. 7[ Throwing off another A-null set from F^ if 
necessary we can as well assume without loss of generality that F^ is a Borel set. 
Let Fj = {(Y n Sa) n ([0, 1] X F^)) which is r^-measurable. Write Fj = F J U A^i 
where A^i is a ?]-null set and E^ is a Borel set. Then by Thm. 14.3.5 of [15], Fj is 
in Sj, in fact it is the continuous image of a Polish space. The hypothesis guarantees 

vik) > 0. 

Let F^ = TtyiE]^). Then F^ is in Yi\ and hence F^ is A-measurable by Thm. 15. 7[ 

Therefore by Def I3.H A(F^) > 0. By Thm. 15.81 applied to Fj, there exists a function 
hy : [0, 1] I— > [0, 1] that is both Baire and universally measurable in the sense of Thm. 
ESI such that T{hY\Ey) ^ F^. 

The inverse image under hy of any Borel subset of [0, 1] belongs to ax- Therefore given 
e > 0, by Lusin's theorem there is a closed subset C F^ such that A(F^ \ G^) < e 
and hyiGY is continuous. Then hY\GY is Borel measurable. So by Cor. 2.11 of [20] . 
r{hY\GY) is Borel measurable and hence r^-measurable. 

The disintegration along the y-axis of the measure ^|r(hy|gy) is precisely the atom at 

the point (/iy(t),t) for each t G of the measure rjt. Outside we don't care. If 
r]{r{hY^QY)) = then by definition of disintegration 

= / r]t{r{hY))dX{t) 

which implies that for A almost all t G the point {hY{t),t) is not an atom of r]t 
and hence cannot be in Sa- So r]{T{hY\Gy)) > 0. 

Clearly, hyiG^ satisfies the property that for any F C G^, A(F) = if and only 
if X{hY{E)) = 0. Therefore by Thm. IA.21 extend hY\GY to a continuous function 
hy which satisfies the property that for any F C [0,1], A(F) = if and only if 
A(/iy(F)) = 0. So by Rem 15.91 hy is {a\,(Jx) measurable. Rename hy to hy and G^ 
to F^. The rest is clear from construction. □ 

Lemma 5.13. Let rja 7^ 0. Let Y C (A[0, 1])^ he a rj -measurable set of strictly positive 
r]a-measure- ThenU{A) ^ N[A), where U{A) denotes the unitary group of A. 
More precisely, there exists a subset F^ of [0, 1] such that A(F-*^) > 0, a invertible map 
hy ■- ^ hy{F^) and a nonzero vector Cy G L'^{N{A)") G L'^{A) such that 

(z) = vypy with Vy G gj\f{A),py G L^(A) + 
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(m) ACyA' = / Cs,tdvis,t), where C,,t = C, 

Jv{hY) 

{ill) r(/iy) cyn^,, 

{iv) ry(r(/iy)) > 0, 

{v)i e Puk{A). 

Proof. Using Lemma r5.12[ choose the function hy that satisfi es the conclu sion o f that 
Lemma. Note that hy satisfies the conditions of Prop. IA.4[ Apply Prop. IA.4I to the 
function hy and the set to extract a set C such that A(F^) > and hy is 
one to one on . So 

hy : F^ I— i> hy{F^) is invertible. 

Note that as A(F^) > so r]{V{hy\FY)) > 0. There is no information of the Pukdnszky 
invariant yet. So assume that Puk{A) = {ui : Ui G Noo,^ G /}, where the indexing 
set / could be finite or countable. Let 

En, = {{s,t) e A([0,1])^ : m[o,i](s,t) = n,}, 

where m[o,i] denotes the multiplicity function of the direct integral decomposition of 
L?{M.) over [0, 1] x [0, 1] with respect to the measure ry. Then for each i e / it is well 
known that Em are ?7-measurable sets. Also 



r C:;,dr/(s,t) ^ L\Em,r^\E„;) ® C"^ where = C"% and 
© L\Em,V\Ej ® C"' ^L'{M)e L\A). 



In the above equation C°° stands for /^(N). Fix orthonormal bases {ej"''*}i<j<„i of C" 

for all i E L 
Then 



where x denotes the indicator function, can be identified with a vector Cy G (1 — 
e^)(L2(A<)) such that 

(5.1) ACyA = ACy = CyA. 

Eq. fl5.ll) is easy to check, in fact one only uses that fact that hy is locally one to one 
and onto. That (y ^ is due to the fact ri{r{hy\pY)) > 0. Then from Theorem 14.91 

it follows that (y = vypy where py = {(yCy)^ G L^(A)+ and vy G QJ\f{A). Clearly, 

vy ^ A, as otherwise AC^a" C L'^{A) would become the direct integral of complex 
numbers over some subset of the diagonal with respect to the measure A*A, where 
A : [0, 1] ^ [0, 1] X [0, 1] is the map A(x) = {x, x). 

Thus Cy e L\N{A)") and hence ACy^"'"' C L\N{A)"). Clearly, 



(5.2) ACyA""'^ Cs,tdri{s,t), where Cs,t = C. 

'nhY,pY) 



So ACyA""' ± L^{A) and ACyA""' G Cd{A). Since ACyA"'"' C L2(iV(A)") so 
r](T{hyipY) n = if rii > 2 from a result of Popa [25]. Thus 1 G PukiA). □ 

Each partial isometry 7^ G QJ\f{A) implements a measure preserving local 
isomorphism T : ([0, 1], A) i— > ([0, 1], A) such that vav* = a o for all a G A. With 
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abuse of notation we will write v = T. Then T{v) = {{T{t),t) : t G Dom{T)}, Dom{T) 
denoting the domain of T. 

Lemma 5.14. Let rja 7^ 0. Let Y C (A[0, 1])'^ be a r] -measurable set of strictly positive 
r}a-measure. Then there is a nonzero partial isometry v G QN'^A) such that T{v) C Y. 

Proof. By Lemma 15.131 there exists a subset of [0, 1] such that A(F^) > 0, a 
invertible map hy '■ 1— >■ hyiF^) and a nonzero vector Cy G L'^{N{A)") L'^{A) 
such that Cy = 'Vypy with vy G QAf{A), py G L^(yl)+ and satisfying property (iz), 
(ziz), (it)) of Lemma 15. 131 

Let ?7^y, ?7„y be the measures on [0, 1] x [0, 1] defined in Eq. (13. ip . Let qy = vyVy G A. 
With abuse of notation we will regard qy as a measurable subset of [0, 1] as well. We 
claim that, r/^^ <^ 1]^^ <^ VCv Indeed for a, 6 G C[0, 1], 



a(s)6(t)(i?7^y(s,t) = / a{s)b{t)dr](;Y{s,t) 

0,1] X [0,1] JTihy) 

= T{pYVYaVypyb) 
= T^PyVyaVybpy) (aS pyb = bpy) 
= T^VyaVybpypy) 
= T^VyaVybpyPy) 

= TiVyaVyPyPyb) 



a{vy{t))b{t) \py{t)\^ d\{t) 



Qy 



a{s)b{t) \py{t)\ (i?7^y(s,t) 

r{vY) 

a{s)b{t) |py(t)|^d77^y(s,t). 

' [0,1] X [0,1] 

In the above string of equalities we have used the facts that r extends to a trace like 
functional on L^{A) and the left and right actions of A on L'^{A), L^{A) coincides. 
Using Thm. 14.91 by standard arguments it follows that 77^^ <^ ri^y <^ 77^^. Thus the 
result follows with v = vy. □ 

Suppose {vj}j,zj is a family of partial isometries in QJ\f{A) such that Avj ± Avj' 
whenever j 7^ j'. Denote by [25] 



Avj = < X G : X = o.jVj, for G A with ll^^i'^^i I 



2 < 00 



Theorem 5.15. {Compare Cor. 2.5 [25]) Let ?7a 7^ 0. Then A C A^(A)". Moreover, 
there is a sequence {vn}'^=Q C QAf{A) of nonzero partial isometries {with possibility 
that the sequence could be finite) with vq = 1 such that, 

(i) T{vn) n T{vm) = ^ forn ^ m, 



00 



(n)77,([0,l]x[0,l]) = >^7;,(rK)), 



n=l 



{where Cs,t = C and A : [0, 1] ^ [0, 1] x [0, 1] by A{x) = (x, x)) 
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oo 



(iv) N{A)" = J2 M 



n=0 



and A restricted to (B'^^QAvn ^ is diagonalizable with respect to the decomposition in 
[in). 

Proof. First of all assuming that (z) in the statement is true it follows that Avn -L Avm 

whenever n ^ m. Indeed, Avn ^ ^ L^(A^(A)"). Now A restricted to Av^. ^ is an 
abelian algebra with a cyclic vector, so it is maximal abelian. The projection eAv^ 

onto Avn is in A. So Av^ is the direct integral of complex numbers over a 

subset Xn of [0, 1] X [0, 1] with respect to the measure r] and A restricted to Avn 
is diagonalizable with respect to this decomposition. But r7(X„Ar(?;„)) = 0. Again 
'^n.a{y{yn)) = 0- So the direct integral as stated above is actually with respect to the 
measure r\a + A,,A. The graphs being disjoint for n ^ m forces the orthogonality of 
Avn and Avm whenever n ^ m. The sum in [iii) therefore makes sense. 
Using Lemma [5.141 choose a maximal family {vci\a<^\ C ^jV(j4), for some indexing set 
A, such that V{vo) C A([0, 1])^= for all a G A and v{vo) fl Vivf^) = whenever a ^ (3. 
Since Ava -L Avp whenever a ^ P (by similar argument as above) so the indexing set 
must be countable by separability assumption of L^(A1). So we index this maximal 
family by {vn}'^=i- Let vq = 1. So (z) follows by construction. 

If ?7a([0, 1] X [0, 1]) > J2n=i VaiTivn)) then Sa\l^=iT{vn) is a set of strictly positive 
r]a measure. A further application of Lemma [5. 141 violates the maximality of {vn}'^=i- 
This proves (n). 

By the argument of the first paragraph and Lemma 5.7 [TO] . 



and A restricted to (B'^=iAvn ^ is diagonalizable with respect to the decomposition 
in Eq. flO) . 

If ^ C = C* e L^iN{A)")eL\A) is such that C ± Au^ for all n > 1 then AC A ± Avn 

for all n > 0. By arguments similar to the first paragraph, y4Cj4" is the direct integral 
over a /^-measurable set X^, of complex numbers with respect to the measure rj and 

A restricted to A(A^^ is diagonalizable respecting this decomposition. If C as a 
function stays nonzero on a set of positive A* A- measure then <^ cannot be perpendicular 

to L'^{A). By Prop. ITTTl AC^"'"" G Cd{A) and hence by Theorem [SJ] and Lemma 5.7 
[To], we can assume Xf^ C Sa\ A([0, 1]). Since C 7^ so r]{X(^) = ?7a(A'^) > 0. Since 
r]a is concentrated on W^^-^^F^Vn), so fl r(w„) has strictly positive rja and hence rj 
measure for some n > 1. Note that eN{A)" ^ A and AeN(^A)" = -^'eNiA)" from [25]. On 
the other hand, by Lemma 5.7 [10], L'^{N{A)") L'^{A) will be expressed as a direct 
integral over some subset of [0, 1] x [0, 1] with respect to r], with multiplicity strictly 
bigger than 1 on a set of positive 77- measure. This contradicts Ae]\f(^A)" is maximal 
abelian. Thus 



(5.3) 
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with associated statements about diagonahzabihty of A. Finally 

oo oo II 

^ = J] Aw, nM= (^®n=oM^"') nM = L\N{A)") nM = N{A)". 

n=Q n=0 

□ 

Remark 5.16. Thm. 15.151 generalizes Cor. 2.5 of j25j. In general we cannot hope to 
find unitaries as was the case in Cor. 2.5 [25]. The situation in Cor. 2.5 of f25] was 
completely different, where the assumption was that, the masa is Cartan. Assuming 
the masa is Cartan, forces the disintegration of the measure r]a to have at least one 
atom off the diagonal in almost every fibre. Such an assumption cannot be made for a 
general masa. For example consider the following situation. Let C C 7^ be a Cartan 
masa and let S* C 7?. be a singular masa, where TZ denotes the hyperfinite IIi factor. 
Then C©S'c7?.©7^isa masa, where the trace on 7?. © 7^ is ^r-ji © ^r-ji, r-ji denoting 
the unique, normal, faithful tracial state of 71. Then C (B S C. (JZ Q) TZ) * TZ = L{¥2) 
(from [8]) is a masa for which such an assumption will fail from Prop. 5.10 |10j . 

We will now present the proof of Thm 15.101 

Proof of \ 5.1 (A Case (i). The necessary and sufficient condition for Cartan masas fol- 
lows directly from Thm. 15.151 

Case (a). The result for singular masas also follows from Thm. 15.151 
Case (iii). Let A ^ N{A)" <^ Ai. If r^^ = then, by conclusion of (ii), A would 
become singular. Therefore rja 7^ 0. If r]n,a = then by conclusion of part (i), A would 
be Cartan. Therefore rjn.a 7^ as well. 

Conversely, if r]n,.a 7^ and r]a 7^ 0, then by Theorem 15.151 A ^ N{A)" ^ Ai. 
Case {iv). First assume that N{A)" is a factor. From Thm. 15.151 it follows that 

L\N{Ay') = r Cs,tdiva + A,A)(s,t), where C,,t = C 

^[0,1] X [0,1] 

and A restricted to this subspace is diagonalizable, where A : [0, 1] t-^ [0, 1] x [0, 1] 
is defined by A(x) = {x,x). Therefore [qa + A^,A] is the left-right-measure for the 
inclusion A C N{A)" . If the closed support of r]a is strictly contained in [0, 1] x [0, 1] 
then, there must be a open set U C [0, 1] x [0, 1] such that ria{U) = 0. It follows that 
the map a ® 6 1— > aJ^iAyb* Jn(A)" , where a, 6 e ^^([0, 1]) was not an injection. On the 
other hand, as N{A)" is a factor the above map must be an injection by Prop. 12. 8[ 
This contradiction proves that the closed support of r]a is [0, 1] x [0, 1]. 
Conversely assume N{A)" has a nontrivial center. Let p G Z{N{A)") be a projection 
which is different from and 1. Then 

N{A)" = N{A)"p® N{A)"{1 -p). 

So p G A' n N{A)" and hence p e A. So 

(5.4) A = Ap®A{l-p). 

It follows that are exists A-measurable sets Fi, F2 C [0, 1] such that, Fi U -F2 = [0, 1], 
Fi n F2 = 0, C(Fi), C(F2) are w.o.t dense unital subalgebras of Ap and ^4(1 — p) 
respectively and C(Fi) © C(F2) is w.o.t dense in A. With respect to the Eq. (15. 4p 
let a = ai © 02 and & = 61 © ^2 be the decompositions of a, 6 G C([0,1]), where 
aj,6j G C(Fj) for z = 1,2. For C G L'^{N{A)") one has an analogous decomposition 
C = Ci © C2 with Ci = pC and C2 = (1 — p)C- The equation 

(aC6, C) = ((ai © a2)(Ci © C2)(&i © ^2), (Ci © C2)) = (aiCi&i, Ci) + (a2C2&2, C2) 
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shows that the left-right-measure for the inclusion A C N{A)" will be concentrated 
on Fi X Fi U F2 X F2. It follows that closed support of rja is strictly contained in 
[0, 1] X [0, 1]. This completes the proof. □ 

Remark 5.17. The proof of Case {iv) actually shows that if A C A/" is a masa where M is 
a finite type II algebra with a nontrivial center then for any choice of compact Hausdorff 
space X such that C{X) is w.o.t dense, unital and norm separable subalgebra of A, 
the map 

n n 
^^ttj 6j I— > ^^Oj Jfe* J 

1=1 1=1 

from C{X) ®aig C{X) ^ B(L^(A/')) is not an injection for any choice of trace. 

The following results about masas that were proved by experts in different ways are 
just easy consequences of the measurable selection principle as we have described in 
this section. 

Corollary 5.18. If A (Z Ai is a Cartan masa then A G B is a Cartan masa for all 
von Neumann subalgebra A ^ B ^ Ai. 

Proof. By Lemma 5.7 of jTO] the left-right-measure of the inclusion ^4 C is [r]B+VBA 
where [qs] is the left-right-measure of the inclusion A G B and r]B -L r]B±. It follows 
that rj B has atomic disintegration along both axes. The result is then immediate from 
Thm. EM and Thm ISTTSl □ 

Corollary 5.19. Let A G M. be a masa and let Q be a finite von Neumann algebra 
such that dim{Q) > 2. Then Nm*q{,A) = Nm{A). 

Proof. In this proof we consider left-right-measures restricted to the off diagonal. First 
of all it well known that A G Ai*Q is a. masa. Let [r]M] denote the left-right-measure 
of the inclusion A G M.. Write ri_M = Vi ~^ V2 where ?7i <^ A ® A and 772 -L A ® A. 
Using Prop. 5.10 and Lemma 5.7 (TU] it follows that the left-right-measure [r]M*Q] oi 
the inclusion A G A4 * Q is given by 

^ _ J'r?A4 + A® A if?7i = 0, 
Vm*q - + a O a if ?]i ^ 0. 

The rest is obvious from Thm. 15.101 and Thm. 15.151 □ 

Corollary 5.20. Let A G M. be a Cartan masa and let A G B G M. be an interme- 
diate subalgebra. Then there is a v G QN'i^A) such that v -L B. 

Proof. By Lemma 5.7 [10], the left-right-measure of the inclusion ^4 C is [r]B + f]BA 
where r]B -L r]^± and [ijb] is the left-right-measure of the inclusion A G B. Note 
r]^± 7^ 0. Apply Lemma [5.141 □ 

We prove the next theorem in the context of IIi factors. But it can be easily gen- 
eralized to finite von Neumann algebras. Let A4i, i = 1,2 be separably acting IIi 
factors with normal, faithful tracial states Tj respectively. Let A/lj act on L'^{Aii,Ti) 
by left multiplication. Let A G Aii and C A42 be masas. Fix compact Polish 
spaces X, Y such that C{X) G A and C(Y) G B are unital, norm separable and w.o.t 
dense. Let and uy denote the tracial measures for A, B respectively, which will 
be assumed to be complete. Let the left-right-measure of A on X x X be [ai] and 
that of 5 on y X y be [(72]. Here we are allowing the diagonals, i.e. we are assuming 
c^i|A(x) = (Ax)*i^x and a2|A(y) = (Ay )*z/y where Ax : X X x X hy Ax{x) = {x,x) 
and Ay : r ^ F X F by Ayiy) = {y, y). 



MASAS AND BIMODULE DECOMPOSITIONS OF IIi FACTORS 



25 



By Tomita's theorem on commutants A^B is a masa in A^i(8)A^2- X x Y is com- 
pact and Polish, and C{X x Y) is unital, norm separable and w.o.t dense in A^B. 
The standard Hilbert space and the Tomita's involution operator for A1i®A^2 is 
L^(A^i,ri) ® L^(Al2,T"2) and Jmi ® Jm2 respectively. The tracial measure for A^B 
on X X y is clearly ® J^y- With this as set up we formulate the next theorem which 
appeared in The same proof actually generalizes to infinite tensor products. 

Theorem 5.21. {Chifan's Normaliser Formula) Let A C M.i and B C M.2 be masas 
in separably acting IIi factors tMi and M.^. Then 

N{A®B)" = N{A)"0N{B)". 

Proof. Fix ai and (T2 from the aforesaid class of left-right-measures. The left-right- 
measure of A^B on {X X Y) X {X x Y) which is denoted by [f3] is given by 

dp{sx, sy, tx,tY) = dai{sx,tx)da2isY, tY) 
from Prop. 5.2 [TU]. Here s is the variable running along the first coordinate (horizontal 
direction) and t along the second coordinate (vertical direction). Then from Lemma 
13.51 it follows that the disintegration of 13 along the t variable (vertical direction) is 
given by 

Axxy = o"itjf ® o-2ty, itx,tY) - a.e ux ® uy, where txxY = {tx,tY)- 
For fixed txxY = (^x,^y) E X x Y the measure Ptxxv an atom at the point 
{sx,SY,tx,tY) if and only if has an atom at {sx,tx) and a2tY atom at 

( Sy , t y ) . Therefore 

{{X XY)X{XX Y))a = S2,3{iX X X)a X {Y X Y)a), 

where S'2,3 denotes the permutation (2,3) on four symbols (see Prop. 13. 3p . Therefore, 

P\{(XxY)x{XxY))a = '^l\{XxX)a '^2\{YxY)a- 

Hence denoting Cs^,sy,tx,ty = C> '^sx,tx = C = Csy^ty we have 

L\N{A®B)")= / C,^,sy,tx,tyd(3{sx,SY,tx,tY) 

J{{XxY)x{XxY))a 
= / Cs^,txdcri{sx,tx) (S> / Csy,tyC?Cr2(sy,ty) 

J{XxX)a J{YxY)a 

= L^{N{A)") (g) L\N{B)") from Thm. [EH 
Since the containment N{A)"<^N(B)" C N{A®B)" is obvious we are done. □ 

Corollary 5.22. [35] Let A C M.i and B C M.2 be singular masas in separably acting 
III factors Ail and M.2- Then A®B is singular in Mi®M2- 

6. Asymptotic Homomorphism and Measure Theory 

The equivalence of WAHP and singularity is a nontrivial theorem [33]. In this 
section we will give a direct proof of the equivalence of WAHP and singularity by 
using measure theoretic tools. We will also present partial results about AHP. In 
order to do so we will first have to relate certain norms to the left-right-measure. The 
measure theoretic tools described in this section will be used in a future paper for 
explicit calculation of left-right-measures. 

Let A d M he & masa. Let A denote the Lebesgue measure on [0, 1] so that 
A = L°°([0, 1], A). Then A is the tracial measure. Let [r]] denote the left-right-measure 
for A. We assume that 77 is a probability measure on [0, 1] x [0, 1] and ri{A{[0, 1])) = 0. 
Let B[0, 1] denote the collection of all bounded measurable functions on [0, 1]. 
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Notation: The disintegrated measures are usually written with a subscript t rjt 
in the literature. But in this section we will use the superscript notation t \—>- r]^ to 
denote them. The (tti, A) disintegration of measures will be indexed by the variable t 
and the {1^2, A) disintegration will be indexed by the variable s. 

In all the following results that uses disintegration of measures we will only state 
or prove the result with respect to the (7ri,A) disintegration. Statements about the 
(7r2, A) disintegration are analogous. 

Lemma 6.1. Let x & M. be such that E^(x) = 0. Let rjx denote the measure on 
[0, 1] X [0, 1] defined in Eq. (13.11) . Then rj^ admits (vTj, A) disintegrations [0, 1] 3 t rj^ 
and [0, 1] 9 s 1-^ r]^, where tti, i = 1,2 denotes the coordinate projections. Moreover, 

?7*.([0, 1] X [0, 1]) = EAixx*){t), A a.e. 

Proof. From Lemma 5.7 of (TU] it follows that there is a measure 770 such that (i) 
r]o ± rjx, {ii) [r]x + ?7o] is the left-right-measure for A. Therefore [{'Ki)^{r]Q + rjx)] = [A] 
by Lemma [2.101 and hence (vrj)*(?7a;) <C A for i = 1,2. Consequently from Thm. 13. 2[ 
rjx admits (tTj, A) disintegrations for i = 1,2. 

Note that r/^([0, 1] x [0, 1]) = t{xx*) = t{Ea{xx*)). From (n) of Defn. O it follows 
that [0, 1] 9 t ?7* ([0, 1] X [0, 1]) is measurable. Let £" C [0, 1] be any Borel set. Then 
there exists a sequence of functions /„ G C[0, 1] such that < < 1 and /„ — ^ xe 
pointwise. By dominated convergence theorem we have r]x{fn ® 1) — ^ Vx{xe ® 1)- On 
the other hand, 

Vxifn ® 1) = {fnX,x) = T{fnXX*) = r(/,EA(xX*)) = / /„(t)E^(xX*) (t)(iA(t) 

1 

XEif)'^A{xx*){t)d\{t) , as n — > 00, 
= / EA{xx*){t)d\{t). 

JE 

From Defn. 13.11 again we have 

rix{XE®l)= f\l{xE®l)d\{t)= [ r;*([0,l]x[0,l])rfA(t). 

Jo J E 

Therefore for all Borel sets i? C [0, 1] we have 

I ?7*([0,1] X [0,l])rfA(t) = I ¥.A{xx*){t)d\{t). 

J E J E 

Thus, r7*.([0, 1] X [0, 1]) = ¥.A{xx*){t) for A almost all t. □ 

Lemma 6.2. Let x E M. he such that E^(a;) = 0. Let f G -B[0, 1]. Then the functions 
[0, l]3t^ 7]*(1 (g) f), [0, 1]3 7]l{f ® 1) are m L°°([0, 1], A). 

Proof. We will only prove for the (tti , A) disintegration. From Lemma 16.11 we know 
that r]x admits a (tti, A) disintegration. From Defn. I3.1l we also know that [0, 1\3 t ^ 
rfxi^® f) is measurable. Now of < t < 1 

h*(i®/)|<ll/lh*([o,i]x[o,i]). 

Now use Lemma [6. 11 □ 
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\EA{bxwx*)\\: 



Proof. We have noted before that r]^ admits (vTjjA) disintegrations for i = 1,2. Sec- 
ondly, as b,w e B[0,1], so [0,1] 3 t t-^ 6(^)77* (1 ® i«) is in L°°([0,1],A) from Lemma 
lO Now 

||EA(6xtyx*)||2 = sup \{a,'KA{bxwx*))f 

aGC[0,l] 

I|a|l2<l 

= sup \T{aKA{bxwx*))f 

aGC[0,l] 
I|a|l2<l 

= sup \T{E,A{abxwx*))f 

aeC[0,l] 
I|a|l2<l 

= sup \T{abxwx*)f 

aGC[0,l] 



sup 

aeC[0,l] 



sup 

aGC[0,l] 



a{t)b{t)w{s)d'r]^{t, s] 

[0,1] X [0,1] 

a{t)b{t)r]l{l ® w)dX{t) 



(from Eq. flSTT]) ) 



(from Defn. 13. ip 



\b{t)f \r]l{l ^ w)\^ dX{t) (from Lemma 



□ 



The following facts are well known, we just record them for completeness. For details 
we refer the reader to [16] . Recall that a subset 6" C Z is said to be of full density if 

#(5nhn,n]) 



lim- 



1. 



2n + 1 

Definition 6.4. A measure /i on [0, 1] is called mixing (or sometimes Rajchman) if 
its Fourier coefficients /i„ = e^'^™*(i/i(t) converge to as \n\ 00. 

By the Riemann-Lebesgue lemma any absolutely continuous measure is mixing. 
However there are many mixing singular measures as well. Atomic measures can 
never be mixing. The next proposition justifies why non- atomic measures are called 
weak (or weakly) mixing measures. 

Proposition 6.5. (Wiener) A measure on [0,1] is non-atomic (diffuse) if and only 
if for a set C Z of full density 

lim fin = 0. 

nGS',|n]— »oo 

From Prop. 2.5 and Prop. 2.19 of [K], mixing and weakly mixing are just not 
properties of measures, they are in fact properties of equivalence class of measures. 
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We need the following fact from the calculus course. A bounded sequence of complex 
numbers {a„}„gz converges to strongly in the sense of Cesaro i.e. 

1 ^ 

(6.1) lim — V \aJ = 

n=-N 

if and only if there is a set C Z of full density such that 

(6.2) lim |a„| = 0. 

n£S',|n|— »oo 

Let x,y & Ai he such that lE^(x) = ^Aiv) = 0. Let a & A. Then the following 
polarization identity holds: 

(6.3) 4 EAixay*) = Ea{{x + y)a{x + y)*) - Ea{{x - y)a{x - y)*) 

+ i Ea{{x + iy)a{x + iy)*) — i Ea{{x — iy)a{x — iy)*). 

Thus WAHP for a masa is equivalent to the following. For each finite set {xi}^^^ C M. 
with Ea^xi) = for all 1 < z < n and e > 0, there exists an unitary u ^ A such that 

||E^(xjZxx*) II, < e for all 1 < i < t?,. 

We will only prove the harder part of the equivalence of singularity and WAHP. 

Theorem 6.6. Let A C M. be a masa such that L'^[A)'^ G Cna{A). Then A has 
WAHP. 

Proof. Suppose to the contrary A does not have WAHP. Then there is a e > and 
operators ^ Xi ^ Ai, 1 < i < n with EA{xi) = for all i, such that 

n 

inf \\EA{xiUX*)\\l > e, 
1=1 



where h{{A) denotes the unitary group of A. Note that for all 1 < i < ri, AxiA ^ G 
Cn.a{,A) by Lemma 5.7 of [lO] and Thm. 15.101 Equivalently, ii t ^ rf^. and s ^ rj^^ 
denote the (tti, A) and (7r2, A) disintegrations respectively of rj^^, then for A almost all 
t, the measure ?7*^ is completely non-atomic and similar statements hold for rj^^. 

Let V & A he the Haar unitar y co rresponding to the function t ^ e^'^**. Then v 
generates A. Now from Lemma [6.31 we have 

(6.4) V||Ea(2;,v'^x*)||2 = / y'|r7*-(l®^^'')f rfA(t) >eforall A;GZ. 

i=l "^0 i=l 



Throwing off a A-nuU set F we assume that for t E the measures ?7* . are completely 

Ixi 



non-atomic, finite, concentrated on {t} x [0, 1] and ([0, 1] x [0, 1]) = E^(xjX*)(t) for 
all 1 < z < n (see Lemma [6.11) . Let 



«feW = 5^hUi®^')r, G [0,1]. 

i=l 

Then is measurable for all A; G Z. For A; G Z and t E F'^ we have 

n „ 2 n 

i=l ^ [0,1] X [0,1] 
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Then by Lemma EH ak{t) < Y.Li \^A{xiX*){t)f < cx), for all t E and for all keZ. 
Define 



1 ^ 



Then s^v is measurable for all G N. Since r^*^ is completely non-atomic for all 
1 <i <n and t E F'^ so 

SN{t) ^ as ^ CX) for alH G from Eq. Q and Prop EH 

Again since SAr(t) < Y17=i \^A{xiX*){t)f for t E F^ (from Lemma [6TT]) . so by dominated 
convergence theorem 

1 

SN{t)d\{t) ^ as A^ ^ oo. 







Therefore, 



1 N „i n 

~'~ k=-N-^^ i=l 



k=-N \i=l / 



Q as N ^ oo. 



2N- 

Consequently from Eq. fl6.2p there is a set S* C Z of full density such that 



lim y\\EA{xiv'x*)\\l = 



4 = 1 

This is a contradiction to Eq. (16. 4p . So A must have WAHP. □ 

The proof of Thm. 16.61 yields the following result. 

Theorem 6.7. Let A (Z M. he a singular masa. Then given any finite set {xi}^^^ C M. 
with IE^(a;j) = for all i, 

N / n 

(6.5) — f — V I y"\\E Aixiv'' x*)\\:] ^0 as N ^ oo. 





where v is a Haar unitary generator of A. 

Remark 6.8. Thus the unitary in the definition of WAHP (Defn. ??) can always be 
chosen to be where is a large integer and is a Haar unitary generator of the 
masa. This strengthens the definition of WAHP. Note that Eq. (16. 5p is very closely 
related to definition of weakly mixing actions of abelian groups on finite von Neumann 
algebras. 

The measures ?7* , 7f are concentrated on {t} x [0, 1] for A almost all t. We will denote 
by 77*, f/* the restriction of the measures ry* and r/* respectively on {t} x [0, 1]. Thus 
?7* , ff can be regarded as measures on [0, 1]. 

Theorem 6.9. Let A G A4 be a masa. Let [q] denote the left-right-measure for A. If 
for A almost all t the measures ff are mixing, then A has AHP with respect to a Haar 
unitary generator of A. 
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Proof. From Prop. 2.5 of [16] it follows that for A almost all t, any measure in the 
equivalence class [f/*] is mixing. In view of Eq. (16. 3p , it is enough to show that for all 
X e M with Ea{x) = 0, 

||Eyi(a;f"a;*) ^ as \n\ — »• 00, 

where v ^ A is a. Haar unitary generator of A. Let v ^ A correspond to the function 
s I— > e^'^*^. By Lemma [673] 

\\Ea{xv-x*)\\1 = f\r^A^®v-)\'d\{t). 
Jo 

From Lemma 5.7 [TU] we know that rj,j. <^ rj and hence for A almost all ril.<^ rf from 
Lemma 13. 6[ So ?]* <C if for A almost all t. Thus r)* is mixing measure from Prop. 
2.5 of [in] for A almost all t. Also from Lemma [6.11 the measures 77* are finite for A 
almost all t. Use Lemma 16.11 and apply dominated convergence theorem to finish the 
proof. □ 



Appendix A. Structure of measurable functions 

Making a measurable selection as we attempted in Lemma 15.12! is not enough. 
One likes to make a measurable selection so that the graph of the selection is an 
automorphism graph of the masa, the automorphism being implemented by an unitary 
in the factor. But this is a very delicate issue. We are not aware of such selection 
theorems. We can overcome this obstacle though. Structure theorems of continuous 
and measurable functions are what comes into play. 

Definition A.l. Let / : [0, 1] 1— >• R be a function and £" be a subset of [0,1]. Then / 
is said to satisfy condition (A^) or null condition of Lusin relative to E if f{A) is a set 
of measure whenever A C -E is a set of measure 0. 

The definition implicitly assumes that there are two measures on [0, 1] and M. For 
our purpose these measures will always be the Lebesgue measure, which we will denote 
by A. 

Proposition A. 2. {Tietze's Extension Type) Let E C [0,1] be closed and let f : 
i? I— *■ [0, 1] be a continuous function that satisfy the property that for a measurable set 
A G E, X{A) = if and only if X{f{A)) = 0. Then there exists a continuous function 
F : [0, 1] ^ [0, 1] such that 
(^) = f, 

(a) F satisfies the property that for a measurable set Ac. [0, 1], A (A) = if and only 
z/A(F(A)) = 0. 

Proof. Since E is closed it is a compact subset of [0, 1]. Therefore E has greatest and 
least members m and M respectively. If m 7^ or M 7^ 1 then extend / to a function 
h on El = E U {0} U {1} by assigning the values f{m) and f{M) at the points and 
1 respectively. The function h is continuous on Ei and satisfies the same condition as 
/ relative to Ei. So without loss of generality we can assume 0,1 E E. 

The complement of is a open set in [0, 1] and E'^ C (0, 1). Then E'^ can be written 

00 

as a countable disjoint union of intervals U (aj, bi). Then note that ai,bi C E for all i. 
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So we only have to define an extension on (oj, bi). Define 

(fix) 

A/(a,) + (] 



Fix) 



2(l-/(a»)) 
bi-ai 

2(l-/fe)) ( 
ai~bi 

2{x-ai) 



A)/(6.) 
x-bi) + fik) 



X 



ai) 



2{x-bi) 



+ 1 



if X G i?, 

if X = Xtti + (1 - A)6i e itti, bi), 
< A < 1 and /(a^) ^ 

if Oj < X < 2^ and 
/(a,) = < 1, 

if ^ < X < 6i and 
/(a,) = fibi) < 1, 

if < X < and 
/(a,) = = 1, 

if Sd±h < X < bi and 



/(a,) = = 1. 

The function F is now continuous, as it is a linear interpolation obtained from / and 
the construction satisfy the required conditions. □ 

Theorem A. 3. iForan, [13]) A necessary and sufficient condition for a continuous 
function F : [0, 1] i— [0, 1] to satisfy condition iN) relative to [0, 1] is that there exists a 



sequence of measurable sets En C [0, 1], n 
are true: 



0,1, 



such that the following properties 



[0,1] 



U E, 



nt 



n=0 

(n) A(F(E„)) < nXiEn) for all n>0, 
iiii) for each n > 0, F is one to one on £"„ 



Proposition A. 4. Let F : [0, 1] t-^ [0, 1] be a measurable function such that for any 
measurable set A C [0, 1], A(y4) = if and only A(F(v4)) = 0. Then there exists a 
measurable set E C [0, 1] such that A(i?) > and F is one to one on E. 
Moreover, ifYo C [0, 1] is such that A(lo) > 0, then there exists Yi C Yq with XiYi) > 
such that F is one to one on Yi. 

Proof. Let e > 0. By Lusin's theorem, choose a closed set H C [0, 1] such that 
A([0, 1]\H) < e and F\h is continuous relative to H. Clearly, F\h satisfy the property 
that A C H, XiA) = if and only if A(i^iy(A)) = 0. By Prop. extend F to a 

continuous function F : [0, 1] [0, 1] such that F has the property that for A C [0, 1], 
XiA) = if and only if A(F(A)) = 0. 

Now by Thm. IA.31 choose measurable subsets F„ C [0, 1] such that [0, 1] = U F„, 



n=0 



0,1, 



and for each n > 0, F is one to one on F„ 



A(F(F„)) < nA(F„,) for all n 
Since A(F(Fo)) = so A(Fo) = 0. If A(F„, n H) = for all n > then A(i7) = 0, 
which is not the case. Therefore there is a no > such that A(F„g fl H) > 0. But 



F\En riH and clearly F is one to one on F^^ fl H. Rename E 



En, n H. 



Suppose A(lo) > 0. By choosing e > small enough one can make sure that the 
closed set H in the first part of the proof satisfies A(yo H i^f) > 0. The same argument 
as the first part applies, and there exists a no > such that F is one to one on 
= Fo n n F„, and A(yi) > 0. □ 
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